Induced electrostatic self-interaction in the spacetime of a global 

monopole with inner structure 

D. Barbosa 2 * J. Spinelly 1 ''"and E. R. Bezerra de Mello 2 * 
1 Departamento de Fisica-CCT, Universidade Estadual da Paraiba 
Juvencio Arruda S/N, C. Grande, PB, Brazil 
q '. 2 Departamento de Fisica-CCEN, Universidade Federal da Paraiba 

58.059-970, C. Postal 5.008, J. Pessoa, PB, Brazil 



OO 
O 

o 

(N 



(N 



cv 






July 24, 2008 



Abstract 



In this work we analise the electrostatic self-energy and self-force on a point-like electric 
charged particle induced by a global monopole spacetime considering a inner structure to 
it. In order to develop this analysis we calculate the three-dimensional Green function 
r£^ , associated with this physical system. We explicitly show that for points inside and outside 

the monopole's core the self-energy presents two distinct contributions. The first is induced 
by the geometry associated with the spacetime under consideration, and the second one is a 
£> correction due to the non- vanishing inner structure attributed to it. Considering specifically 

the ballpoint-pen model for the region inside, we were able to obtain exact expressions for 
the self-energies in the regions outside and inside the monopole's core. 
PACS numbers: 98.80.Cg, 14.80.ffu 



^ ■ 1 Introduction 

O 

Gravitational topological objects may have been formed in the early universe during its phase 

expansion due to spontaneously symmetry braking [lj [2]. Depending on the topology of the 

vacuum manifold, A4, these are domain walls, strings, monopoles and texture, corresponding to 

the homotopy groups ttq(A4), 7Ti(.M), 7r 2 (.M) and ir^AA), respectively. Global monopoles are 

heavy topological objects formed in the phase transition of a system composed by a self-coupling 

iso-triplet scalar field, 4> a , whose original global 0(3) symmetry is spontaneously broken to 

C/(l). The scalar matter field plays the role of an order parameter which outside the monopole's 

core acquires a non- vanishing value. The global monopole was first introduced by Sokolov and 

Starobinsky in [3], and its gravitational effects have been analyzed by Barriola and Vilenkin [3J. 

In [4], has been shown that for points far away from the monopole's center the geometry of the 

spacetime can be given by the following line element: 

ds 2 = -dt 2 + dr 2 + a 2 r 2 (d6 2 + sin 2 9dip 2 ) , (1) 

where the parameter a 2 , smaller than unity, depends on the energy scale r\ where the global 
symmetry is spontaneously broken. The spacetime described by (PQ) has a non-vanishing scalar 
curvature, R = %% , and the solid angle of a sphere of unit radius is smaller than the usual 
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one, presenting in this way, a solid angle deficit: 5Q = 4-7r 2 (l — a 2 ). Although the geometric 
properties of the spacetime outside the monopole are very well understood, the analysis of the 
metric tensor in the region inside requires the complete knowledge of the energy-momentum 
tensor associated with the scalar field, <p a , which on the other hand depends on the knowledge 
of the components of the metric tensor, providing, in this way, a non solvable integral equation 
[5j. Because of this fact, many interesting investigations of physical effects associated with 
global monopole consider this object as a point-like defect. In this way, it is considered that the 
geometry of the whole spacetime is described by ([I]); however, adopting this model, calculations 
of vacuum polarization effects, for example, present divergences on the monopole's core, a 

One of most interesting phenomenon associated with the gravitational topological defects, 
is related with the induced self-energy on an electric charged particle placed at rest in their 
neighborhood. This effect has been analysed in an idealized cosmic string spacetime by Linet 
[8] and Smith [9], independently, and in the spacetime of a point-like global monopole in |10| . 
In these analysis, the induced self-energies present divergences on the respective defects' core. 
In order to avoid this problem, a more realistic model for the defects should take into account a 
inner structure for them. As to cosmic string, two different models have been adopted to describe 
the geometry inside it: the ballpoint-pen model proposed independently by Gott and Hiscock 
|llj . replaces the conical singularity at the string axis by a constant curvature spacetime in the 
interior region, and flower-pot model [12], presents the curvature concentrated on a ring with the 
spacetime inside the string been flat. Khusnutdinov and Bezerra in [13], revisited the induced 
electrostatic self-energy problem considering the Hiscock and Gott model for the region inside 
the string. Recently the electrostatic self-energy problem in the context of global monopole has 
been analyzed considering the flower-pot model [H] for the region insideo In order to complete 
the analysis of electrostatic self-energy in the global monopole spacetime, the propose of this 
paper is to consider the ballpoint-pen model for the region inside. 

This paper is organized as follows: In section [2] is presented the model adopted to describe 
the spacetime in the region inside the global monopole and some its geometric properties. In 
section [3l we write the Maxwell equations in the corresponding spacetime, and derive the Green 
function for points outside and inside to the monopole's core. In section [4] we calculate the 
corresponding renormalized induced electrostatic self-energy, and give its behavior in various 
asymptotic regions of the parameters. In section [5] we present our conclusions and more relevant 
remarks. 

2 The model 

The simplest model which gives rise to a global monopole has been proposed by Barriola and 
Vilenkin [3], and is described by a Lagrangian whose original 0(3) global gauge symmetry is 
spontaneously broken to U(l). The influence of this object on the geometry of the spacetime 
can be analysed by coupling the energy-momentum tensor associated with this matter field with 
Einstein equations. Barriola and Vilenkin have shown that for points very far away form the 
monopole's center, the spacetime is described by the line element ([1]). Although there are no 
analytical solutions for the metric tensors in the inner region, Harari and Lousto [17] presented 
a simplified version for the geometry in this region. They have shown that it can be represented 
by a de Sitter spacetime, whose constant scalar curvature is proportional to the energy scale 
rj where the symmetry is broken. Although this model shares the main features of the exact 
solution, the analysis of the three-dimensional Green function in the region inside the monopole 
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is a very difficult task|f| Another model which also shares some features with the exact solution 
and allows us to obtain closed solutions for this function is the ballpoint-pen model. This model 
is given as shown below: 

• For the region outside the monopole the metric of the spacetime is given by (pQ) , where the 
radial coordinates is defined in the interval [ro, oo), being ro the radius of the monopole. 

• For inner region the metric tensor is given by the following line element 

ds 2 = _ dt 2 + dp 2 + ^y gin 2 (£_P\ {dQ 2 + gin 2 ed(p2) (2) 

with the new radial coordinate defined in the interval [0, po]. 

The inner solution can match the exterior solution without the necessity to include an infinitely 
thin shell at the boundary, provided the junction conditions below: 

arQ = — sin e , with a = cos e . (3) 

e 

In the inner region, the non zero components of the Riemann and Ricci tensors and scalar 
curvature are: 

flg = 1^ = flg = 4 , R p p = R e o=R$ = 2^, and J R = 6 4- (4) 

Po Po Po 

It is possible to describe the metric tensor in the inner region by using the radial r coordinate 
through the relation 

sin I — I = — sin e . (5) 

\PoJ r 

In this case, the line element ([2]) can be written by 

ds 2 = -dt 2 + P 2 (r)dr 2 + a 2 r 2 (d6 2 + sin 2 9 dip 2 ) , (6) 

where 



P(r) = { V 1 ^^ ■ W 



for r < ro 
for r > ro 

3 Green function 

With the objective to construct the Green function associated with an electric charged particle at 
rest in the spacetime of a global monopole, we write down the Maxwell equation in an arbitrary 
curved spacetime 

HA* + R^A V = -ATrf , (8) 

with 

\3A» = g^idndpA") + g^idaT^A-y + g a ^(d a A^ + g^T^dpA") 

+ g^T^F^A-y - g^T p a0 (d p An - g^K^Ay , (9) 



3 The four- dimensional massive scalar Green function in de Sitter spacetime is investigated in [18] (see also 

us])- 



where A^ and j^ are the four-vector potential and current, respectively. For a point-like particle 
at rest with coordinates r' = (r',9',ip'), the static four- vector current and potential read: j 7 ' = 
(j°, 0,0,0) and A^ = (A , 0,0,0). The only nontrivial component of (JSJ) is for fj, = 0, with 



i°(*) 



S(r — r") 



■g 



-4vrj° , 



being q is the charge of the particle. The corresponding Maxwell equation is written as 

A.4 
where the three-dimensional Laplacian operator in coordinates system given in © is 

1 d ( r 2 d\ P 



AA l 



r 2 P(r) dr \P(r) dr J a 2 r 2 



A\ 



(10) 



(11) 



(12) 



being L the angular momentum operator. Moreover in this coordinate \J— g = P(r) sin 9a 2 r 2 . 
The Green function associated with the respective operator is obtained by substituting 



A°(r)=47rqG(r,r) 
into the above equations. So, this non-homogeneous differential equation reads: 



d 



o 



dr \P(r) dr 



P{r) t 2 



Q- 



G(r,T* 



5{r - r')5(6 - 6')5(<p - if') 



a 2 sin ( 



(13) 



(14) 



Taking into account the spherical symmetry of the problem, we may present the Green 
function as the expansion 



oo / 



G(?,?) = J2 E 9i(r,r')Yr(e, V )Yr(e',v') , 



(15) 



1=0 m=-l 



with Yj m {6, (p) being the ordinary spherical harmonics. Substituting (|15p into (|14p and using the 
well known closure relation for the spherical harmonics, we arrive at the following differential 
equation for the radial function: 



d 



dr \P(r) dr 



d\ P(r)l(l + l) 



o- 



9l(r,r') 



5{r 



o- 



(16) 



The junction of the first radial derivative at r = r' is obtained by integrating the above equation 
about this point: 

dgi(r,r') dgi(r,r'), P(r') 



o?r' 2 



dr r r dr r r 

The radial Green function is calculated by the standard method: 

gi (r,r') = 9(r' - ^R^R^r') + 6(r - r')R ll {r')R 2 i{r) 



(17) 



(18) 



where Ru(r) and R2i{r) are the two linearly independent solutions of the homogeneous equation 
corresponding to (fl~6|) . We assume that Ru{r) is regular at the core center, R2i(r) goes to zero 
at infinity, and that these solutions are normalized by the Wronskian relation 



Ril{r)R' 2l {r) - R' u {r)R 2l {r) 



P(r) 

a 2 r 2 



(19) 



Moreover, both solutions must be regular with their first radial derivative regular at the bound- 
ary, i.e., 



jl V )\r=ro- 
Rjl( r )\r=r - 



Rji(r)\ r=ro+ , 

Rjl( r )\r=r + , 



(20) 



for j = 1, 2. 

In the region outside the core the linearly independent solutions to the corresponding homo- 
geneous equation are the functions r A; and r _1 ~ A ', where 



2 la 



(21) 



^" l/ V) 



and for the region inside, in coordinates given in @, the regular and singular solutions are 

' 1/2 (x r ) P L+1/2 (x r ) 

—j= and 1/2 -j= , respectively, with x r = a(P(r))~ 1 , being P^(x) the associated Legen- 

dre functions. 

Now taking into account (fTTj) . (TL9J) and (l20l) . the radial Green functions are given by: 



(22) 



For the charged particle outside the monopole's core, r' > ro, we have: 

p-Z-1/2, N 
1 (1+7K«)) /^0\ Ai+1 M/2 W , 



a 2 (2A, + 1) 



/rro 



P, 



-1/2 



1/2 



(a) 



and 



9l(r,r') 



«2(2A / + 1) 



a, r»V +Ai 



r >/ r > 



+ 7K«K J (-^) 



, for r > ro 



(23) 



with 



-i— 1/2 



7J(«) 



aA;P 1/2 (a) — IP_ 1 



1-1/2 

/2 ' 



o 



.-'-1/2 



-'-1/2, 



«(A, + l)P 1 7 2 - 1/z (a)+ZP:;7 2 1/z ( 



(24) 



/2 



n 



For the charged particle inside the monopole's core, r 1 < vq, we have: 



1 



,-1-1/2, 



,-1-1/2, 



,'+1/2, 



9l(r,r') = ^—==P l L ±/z (x r< ) P 1/2 1/z (x r> )r, z (a) + P l J^ /z (x r> ) , for r < r (25) 

aKiVrr ' L ' ' J 



and 



9l(r,r') 
with0 



anivrr 



-_r±y +l p-}-V\ Xr ,)\ P -J-V\ a ) m ^) , for r>r (26) 



and 



w(«) 



(I + l)P_t/2 («) " «( A ' + i)^ («) 



;— 1/2 



i-PTiTa' (a) + a(A i + l)P 1 7~ i/z ( 



n 



(27) 



7T 



(28) 



4 For the derivation of (1251) and (|26[) . we have used the corresponding Wronskian for the associated Legendre 
functions [2D]: W[P^(x), P?{x)\ = |^y. 



In these formulas we have adopted r< = min(r, r') and r > = max(r, r'), with the same convention 
for x r< and x r> . 

First, let us consider the case where the charged particle is outside the monopole's core. 
Substituting ([23]) into (fl~5j) . we have 

where the first term on the right hand side of (|29p is the Green function for the geometry of 
a point-like global monopole, G m (r,r'), and the second, G c (r,r'), is induced by the non-trivial 
structure of the core. 7 is the angle between the directions (9, <f>) and (6', (/)'). 

For the particle inside the monopole's core, the Green function is given by substituting ([25]) 
into (fl5j) . the result is: 

G{r^) = 1 f]^±lp[ + ^ (x r> )P7 1 ^ (x r< )Pl(co*y) 

Airavr'r T^z K i 2 2 



+ 1 V — P t l * (x r> ) P x l * (x r< ) Pi(cosj)r)(a) , (30) 

being 



47rav r'r frf ^ 2 2 



/ r?,sm 2 e / r| sin 2 e 

*V> = W 1 ^ > aIld X r< = A/ 1 ^ • ( 31 ) 

Also, this function presents two contributions: The first one, Go(f,r'), is the Green function in 
the background geometry described by the line element ([2]) using the external radial coordinate, 
and the second, G a (r, r"), is due to the geometry of global monopole for r > r$. 

4 Self- energy 

According to [U [9], the induced electrostatic self-energy associated with the electric charge is 
given by 

U Me {r) = 27rq 2 lim G Ren (f, r) , (32) 

r 1 — >r 

where G Ren is the renormalized Green function defined as 

G Ren (7, r) = G(r*, r) - G H {?, r) , (33) 

being Gh the Hadamard function. 

The general expression for the Hadamard function in a three-dimensional space is 

G H {x , x) = — , (34) 

4vr y/2(r(x',x) 

where A, the Van Vleck-Morette determinant, is given by 



A 1 / 2 = 1 + —RaJo* + 



,2--y u " ">" ••• (35) 



and 2a(x',x) the geodesic interval between x' and x. 

Because the self-energy depends only on the radial coordinates, the respective induced self- 
force is given by 

F E ie{r) = -^-U Ele (r)f . (36) 

ar 

In the rest of this section we shall calculate the induced electrostatic self-energy for the two 
cases specified: i) for the charge outside the monopole, and ii) for the charge inside it. 

4.1 Self-energy in the region outside the monopole 

As we have seen, for the region outside the monopole's core the Green function to be considered 
in the calculation of the self-energy is given by ()29[) . According to (|32p , the induced electrostatic 
self-energy is given by taking the coincidence limit of the renormalized Green function. We 
observe that for points with r > tq, the core induced part of this function is finite in the 
coincidence limit, and that the divergent contribution appears only in the point-like part only. 
So, in the renormalization procedure the only part to be considered is G m : 

G m ,ren(r,f) = lim \G m (r,r) - G H (r,f)] . (37) 

In the coincidence limit, let us first take 7 = 0, so, for points along the radial distance, the 
singular part of the Hadamard function reads, 

GH{r',r) = — J—-. (38) 



Now, by using G m (r',r) given in (f2"9"|) . we have: 



G m ,ren{r,r) = - lim 

4-7rro t-»l 



2Z + 1 



1 oo 



l-t 



(39) 



where t = r < /r > . In order to evaluate the limit on the right hand side of the above equation, 
we note that 

H ( - £ t' /a+1/2Q - 1/2 - y^-] = °- ( 4 °) 



So, on the basis of this relation, replacing in (|39p 1/(1 — t) by the first term in the brackets in 
(jiOj) . we find 

G m ,ren(.r,r) = ^- . (41) 

47rar 

In the above expression we have introduced the notation 

2Z + 1 

. /ru' 

1=0 



5(a) = J2 



^a 2 + 41(1 + 1) 



(42) 



The function S(a) is positive (negative) for a < 1 (a > 1) and, hence, the corresponding 
self- force is repulsive (attractive). Developing a series expansion in the parameter t/q = 1 — a 2 , 
we can see that 

oo / »2n 

5 («) = E 1 SVl^nKl-2- 2 "), (43) 

n=l ^ 'I 

where B n are the Bernoulli numbers. The leading term in the expression on the right is 7r 2 (l — 
a 2 )/16. For large values a the main contribution into the series in (|42p comes from large values 

7 



I. Replacing the summation by the integration we can see that in the limit a — ► oo the function 
S(a) tends to the limiting value —1/2. For small values a, a <C 1, the main contribution comes 
from the term I = and one has S(a) ~ 1/a 2 . 

Now combining formulas ([32]) . (f29j) and (J4"Tj) . the induced electrostatic self-energy reads 

UaM _ jl fl(o) + jl f T.M(a + D (15) '+"< . ,44) 

»•> ' 2ar k 2ar £j 0*2 4-4!(! 4- 1) I r J ' 

The second term on the right hand side of the above expression if positive for a < 1 and 
negative for a > 1, consequently, according to the properties discussed for the function S(a), 
the corresponding self-force given by 

HeV ' 2ar 2 ar 2 j^ yW + 4i(i 4- 1) V r / 

is repulsive for the first case and attractive for the second one. For large distance from the 
monopole's core, the main contribution associated with the induced core part comes from the 
I = 1 component (the / = component vanishes), so we have 



U E ie(r) 



2ar 






(46) 



yi+8A 



There is a suppressed factor, (^) , in the core-induced contribution. The core- induced 

part is divergent at the boundary, r = tq. In order to verify this singular behavior it is sufficient 
to analyse this quantity for large values of I. The asymptotic expression for (|24p can be obtained 
by using the relation between Legendre function and hypergeometric one 



p ^) = f(i^y(B)" F (-^ +lil -« i ^) • < 47 > 

For the case under consideration u = ±4 and /j, = — / — |. For large value of I the leading term 
of the corresponding hypergeometric function is the unity (see [21]). and we can write 

7 ;(a)«-l(a-l) + o(T) . (48) 

On the other hand , „ 2 +1 w 1. So after some additional steps we find 

U E u(r) « g^(« " 1) ^ (l - (r A) 1/a ) , (49) 

and we can see that the electrostatic self-energy is dominated by the core- induced part. The 
analysis of the behavior of the complete self-interaction can only be provided numerically. So, 
in in figure [1] we have plotted rollEie/Q 2 a s function of the parameter a and r$/r. 

4.2 Self-energy in the region inside the monopole 

In order to develop the analysis of the self-energy in the region inside the monopole, we should 
consider the corresponding Green function given in (|30p . As in the previous analysis, the core- 
induced contribution of this function is finite at the coincidence limit for r < r$. The only 
divergent contribution in this limit comes from Gq(t* ,r). The Hadmard function, in the region 
inside the monopole, needed to renormalize this Green function can be given in a simple way by 




0,6 

, .0,6: 
alpha 



Figure 1: Electrostatic self-energy for a charge outside the monopole core as a function of the 
monopole parameter a and rescaled radial coordinate t ou t = ro/r. 



using the coordinate system defined in ([2]) . Taking the coincidence limit in the angular variables 
first, this function reads: 



Gh{p',p) 



1 1 

47T \pf — p\ 



(50) 



Because we have obtained the Green function (|30j) in the coordinate system defined in ([6]), it is 
more convenient to express the above Hadamard function in this system. So by using (|5j) the 
singular behavior of (|50|) is 



G H (r',r) 



1 yl — (r/Vo) 2 sin 2 e 
4na \r' — r\ 



(51) 



Finally the renormalized Green function is given by 

G ,ren(r,r) = lim [G (r',r) - G H (r',r)] . (52) 

So developing some intermediate steps, we obtain the following expression for Go tren (r',r)[j 

1 



Go, m (r,r) 



4nar 



S(a,r/r ) 



where 



S(a,r/r ) = ^ 



1=0 



1 3. 1_ l-x.X /I 3. 3 1-x, 

2' 2' 2 ' 2 / V 2' 2' 2 ' 2 



(53) 



(54) 



3 In appendix [A] we present the explicit calculation adopted to obtain ((53 



and 

'l — (r/ro) 2 sin 2 e . (55) 

Now we are in position to write the electrostatic self-energy for a charged particle inside the 
monopole's core: 

2 2 °° i 

U E ie(r) = ^ 7 5(a,r/r ) + ^ 7 ^(2/ + l)7T(-l)'r ?/ («)(^ 3 (^)) 2 • (56) 

ar ar i=q 2 

As in the case of exterior region, the self-energy is positive for a < 1 and negative for 
a > 1. The corresponding self- force is obtained by using (|36p . and is repulsive with respect to 
the boundary of the monopole core in the first case and attractive in the second case. Near the 
core's center the most relevant contribution comes from the I = component of the core-induced 
contribution. In this region the self-energy behaves as 

U E ie(r) « ^T%(a)(l - a 2 ) . (57) 

Also the core-induced term diverges at the at the boundary. In order to see that let us analyse 
this terms for large value of Z. In this limit we can verify that 

m{a) M — (l^J fJf^Tj (58) 



,-j-i, x i n-x r ^ l/2 



and 

p~'~»f Xr )fn- 7 —^ — -v ( - — — ] . (59) 

\ (r(| + 0) vi + ^y l ; 

Substituting these expressions and developing some additional steps we find 

q 2 

0ke(r)«F-(a-l)ln(l-r/r o ) • (60) 

oar 

Finally in figure[2]we present the complete behavior oiroUEie/l 2 as function of the parameter 
a and r/ro. 

5 Concluding remarks 

The induced electrostatic self-energy associated with a charged particle placed at rest in the 
global monopole spacetime, considering it as a point-like topological defect, is divergent at the 
center of the object [10]. In principle this undesirable result can be avoided by considering 
a more realistic model for its core. With this objective in mind, in |14| we investigated the 
influence of a non-trivial structure for the monopole's core on the self-energy considering the 
flower-pot model for the region inside. For this case the corresponding induced self-energy is 
expressed in term of two distinct contributions: one coming from the geometry background of 
the corresponding spacetime, U geom , and the other induced by the boundary, C/ cor . e O In order 
to continue in the same line of investigation, in this paper we decided to revisit the induced 
electrostatic self-interaction problem, considering at this time a more sophisticated model for 



With respect to the region inside, we were able to show that that the self-energy is finite at the monopole's 
core. 
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Figure 2: Electrostatic self-energy for a charge inside the monopole core as function of the 
parameter a and rescaled radial coordinate ti n = r/r$. 

the inner structure of the monopole: the ballpoint-pen model. Analogously with happens in the 
flower-pot model, the renormalized electrostatic self-energy presents two distinct contributions: 

U geom anu Ucore- 

As it was mentioned the Introduction, there is no exact solution for the field equations in the 
region inside the global monopole. The de Sitter model proposed in [T7] describes the geometry 
for points very close to the monopole's center. As to the model adopted in this paper, like the 
de Sitter one, it presents a constant scalar curvature. Moreover, we can verify that it is an exact 
solution for the Einstein equation for the matter field energy-momentum tensor given bellow: 



TZ 



SrrGpg 



diag(3, 1, ,1, 



(61) 



Admitting this model, were able to obtain the renormalized self-interaction in a closed form, 
and analyzed it for different positions of the charge, and in various asymptotic regions of the 
parameters. Specifically as to the self-energy at the monopole's center, we found a finite result. 

Combining this result with the previous one found in [14| , we can see that attributing a non- 
trivial structure for the monopole, the behavior of the self-energy changes drastically, mainly 
near the boundary and the monopole's center. 

Before to finish this section, we would like to mention that, although the contributions due 
to the geometry background and boundary, are different for the flower-pot and ballpoint-pen 
models, we observe that they share some similarities: the respective induced self-forces are 
repulsive with respect to the boundary for a < 1 and attractive for a > 1, the self-energy 
is finite at the monopole's center, and the core-induced contributions are dominant near the 
boundaries. In fact they are logarithmically divergent, presenting exactly the same expressions 
for the outer regions. 
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A The renormalization of the Green function Go(r',r) 

The expression for the Green function Go(r',r) is 

47ravr'r r^z z 2 2 

By using (I47p . we can express the term inside the summation by 

» w '(-??r^)'B-?l^)' < 63 > 

with 

y= X r< + lx r>-l (M) 

being x r> and x r< given in (f31~j) . In order to observe the divergent contribution of Go, let us 
analyse (J63H in the limit of large value for /. The corresponding behavior is 

1 3 3^5 / 1\ 

y-, + -( Xr> - Xr< )±- + o^j . (65) 

The contributions of the first and second terms above in the summation in (|62p are, respectively, 
— i/5j and — ln(l — \/50- However the second contribution provide a vanishing result in the 
coincidence limit. Considering x r< — ► x r> , 

y^i-2 Xr >~ x ;< (66) 

and consequently 

1-V5>« / >-r< 2 (67) 

l-f^ 2 sin 2 e 



Finally the contribution due to this term in ()62p is 



Go{r,r) = - + .... 68 

47TQ r> — r< 



1 yj\ - (r < /r ) 2 an- r 



So the renormalized Green function is given by 

„ 1 v— v r '-l 1 / 1 3 1 1 — x r ^\ 

«=o L v 7 

V 2' 2' 2 ' 2 / 

which provide the results (|5"3"J) . dMD and (|55|) . 
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